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UNIFORM BOUNDS ON THE IMAGE OF THE ARBOREAL
GALOIS REPRESENTATIONS ATTACHED TO NON-CM ELLIPTIC
CURVES
MICHAEL CERCHIA AND JEREMY ROUSE
Abstract. Let ℓ be a prime number and let F be a number field and E/F a
non-CM elliptic curve with a point α ∈ E(F ) of infinite order. Attached to the
pair (E,α) is the ℓ-adic arboreal Galois representation ωE,α,ℓ∞ : Gal(F/F ) →
Z2ℓ ⋊ GL2(Zℓ) describing the action of Gal(F/F ) on points βn so that ℓ
nβn = α.
We give an explicit bound on the index of the image of ωE,α,ℓ∞ depending on how
ℓ-divisible the point α is, and the image of the ordinary ℓ-adic Galois representation.
The image of ωE,α,ℓ∞ is connected with the density of primes p for which α ∈ E(Fp)
has order coprime to ℓ.
1. Introduction and Statement of Results
Let F be a number field, E/F an elliptic curve, and α ∈ E(F ) a point of infinite
order. For each prime p of F of good reduction for E, E(Fp) is a finite abelian group
and so α ∈ E(Fp) has finite order. It is natural to ask how often α has odd order or
even order (or more generally how often the order of α is coprime to any fixed prime
ℓ). It seems reasonable to guess that α has odd order “half” the time. However, in
[10], Rafe Jones and the second author determined that for E : y2 + y = x3 − x and
α = (0, 0), the density of primes p for which α ∈ E(Fp) has odd order is
11
21
.
It is elementary to see that α ∈ E(Fp) has order coprime to ℓ if and only for all n ≥ 1
there is some βn ∈ E(Fp) so that ℓ
nβn = α. This connects the order of α ∈ E(Fp)
with Galois-theoretic properties of the preimages βn of α under multiplication by
powers of ℓ. These are governed by the arboreal Galois representation ωE,α,ℓ∞. To
define this, we need some notation.
Let E[ℓn] denote the set of points of order dividing ℓn on E and define ρE,ℓn :
Gal(F (E[ℓn])/F )→ Aut(E[ℓn]) ∼= GL2(Z/ℓ
nZ) to be the usual mod ℓn Galois repre-
sentation. Let Tn = F (E[ℓ
n]) and T∞ =
⋃
∞
n=1 F (E[ℓ
n]).
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The representations ρE,ℓn are compatible, and if we let Tℓ(E) = lim←−
E[ℓn] be the ℓ-adic
Tate module of E, we get a representation ρE,ℓ∞ : Gal(T∞/F )→ Aut(Tℓ(E)). Fixing
an isomorphism Tℓ(E) → Z
2
ℓ , we can view the image of ρ as a subgroup of GL2(Zℓ).
Serre [17] has proven that if E/F does not have complex multiplication, the image
of ρE,ℓ∞ is a finite index subgroup of GL2(Zℓ). Given an α ∈ E(F ), fix a sequence of
points β1, β2, . . . so that ℓβ1 = α and ℓβn = βn−1 for n ≥ 1. Let Kn = F (E[ℓ
n], βn).
For each σ ∈ Gal(Kn/F ), σ(βn) is also a preimage of α under multiplication by
ℓn and so σ(βn) − βn ∈ E[ℓ
n]. Define ωE,α,ℓn : Gal(Kn/F ) → E[ℓ
n] ⋊ Aut(E[ℓn]) by
ωE,ℓn,α(σ) = (σ(βn)−βn, σ|E[ℓn]). These representations are again compatible and if we
let K∞ =
⋃
∞
n=1Kn, they give rise to ωE,α,ℓ∞ : Gal(K∞/F )→ Tℓ(E)⋊ Aut(Tℓ(E))
∼=
Z2ℓ ⋊ GL2(Zℓ). Theorem 3.2 of [10] shows that the density of primes p for which
α ∈ E(Fp) has order coprime to ℓ only depends on the image of ωE,α,ℓ∞, and Theorem
5.5 of [10] shows that, in the case that ωE,α,ℓ∞ is surjective, the density of primes for
which α has order coprime to ℓ is ℓ
5
−ℓ4−ℓ3+ℓ+1
ℓ5−ℓ3−ℓ2+1
.
The goal of the present paper is to prove uniformity results about the image of ωE,α,ℓ∞.
In [13] (see Definition 4.1) the authors declare a point α ∈ E(F ) to be strongly ℓ-
indivisible if α + T 6∈ ℓE(F ) for any torsion point T ∈ E(F ) of ℓ-power order. This
is a natural primitivity condition to impose. Without this condition, the index of the
image of ω in Z2ℓ ⋊ GL2(Zℓ) can be arbitrarily large, and the corresponding density
can be made very large (by taking α = ℓkγ for some large k and γ ∈ E(F )) or very
small (by taking α = ℓkγ+T for γ ∈ E(F ) and T ∈ E[ℓ](F )). Moreover, if α+T = ℓγ
for γ ∈ E(F ) one can read off the representation ωE,α,ℓ∞ from that of ωE,γ,ℓ∞ and the
choice of T .
The action of Galois groups arising from division points of elliptic curves has been
studied extensively in the context of Kummer theory. If we let E be an elliptic curve
over a number field k, and A a subgroup of E(k) invariant under Endk(E), we have
the following consequential result of Basˇmakov [2]: For a prime p, denote by Ap the
group of elements x ∈ E(k) such that for some n ≥ 0 pnx ∈ A. Denote by Lp the
smallest field containing k over which all the elements of Ap are rational. Basˇmakov
proved that if A is torsion free, then for almost all p, H1(Gal(Lp/k), Ap) = 0. This
result was generalized by Ribet in [14], who proved that for abelian varieties of CM-
type, the Galois group arising from division of rational points is as large as possible
for all but finitely many primes. A unified approach to results of this type was
given by Ribet in [15] with the results applying to mod ℓ Kummer theory for an
arbitrary commutative, connected algebraic group. There are also ℓ-adic versions of
these results that are in the literature. See for example, the paper of Bertrand [3],
and Appendix 2 of the paper of Hindry [9]. The principal contribution of the present
paper is the application of results about Kummer theory to give uniform bounds on
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the index of the image of the Galois representation ωE,α,ℓ∞. Our main result is the
following.
Theorem 1. Suppose that F is a number field, ℓ is a prime, and E/F is an elliptic
curve with EndF (E)
∼= Z. Denote im ρE,ℓ∞ = G. Let d be the largest positive integer
for which α = ℓdγ+T for some γ ∈ E(F ) and some F -rational ℓ-power torsion point
T . Then the index of im ωE,α,ℓ∞ in Z
2
ℓ ⋊GL2(Zℓ) is at most ℓ
2d+2r+s · |GL2(Zℓ) : G|,
where r is the smallest positive integer so that G contains a matrix
[
x 0
0 x
]
with
ordℓ(x − 1) = r, and s is the largest positive integer such that there is a degree ℓ
s
cyclic isogeny E → E ′ defined over F .
Remark. The paper [13], by Lombardo and Tronto which was finished at nearly the
same time as this present paper, contains a similar result to the one above. In par-
ticular, Theorem 4.15 gives a bound on the index of the image of ωE,α,ℓ∞|Gal(K∞/T∞)
in Z2ℓ in terms of the parameter nℓ (the smallest positive integer so that the image
of ρE,ℓ∞ contains all matrices ≡ I (mod ℓ
nℓ). The bound given in Theorem 4.15 is
2d+ 4nℓ, while the bound we give is ≤ 2d+ 3nℓ.
The bound in Theorem 1 is sharp in some but not all cases. In general, if one fixes
G ⊆ GL2(Zℓ), it is not straightforward to generate examples of elliptic curves E/F
with im ρE,ℓ∞ = G and with the image of ωE,ℓ∞ unusually small.
In [4], the authors show that if F = Q, ℓ = 2, ρE,2∞ is surjective, and α is strongly
2-indivisible, then ωE,α,2∞ is either surjective (in which case the density of primes p for
which α has odd order is 11/21), or the image of ωE,α,2∞ has index 4 in Z
×
2 ⋊GL2(Z2),
and the odd order density is 179/336. In the context of the main theorem, d = 0,
r = 1, s = 0 and |GL2(Z2) : G| = 1 and so the bound given by the main theorem is
4.
In [12], it is shown that if the image of ρE,2∞ =
{[
a b
0 d
]
: a, d ∈ Z×2 , b ∈ Z2
}
, and α
is strongly 2-indivisible, then there are 63 possibilities for the image of ωE,α,2∞ up to
conjugacy in Z22 ⋊ GL2(Z2) and the index is at most 8. This corresponds to d = 0,
r = 1 and s = 1 in the main theorem and so the main theorem gives a sharp result
in this case.
If E : y2 = x3 − 343x+ 2401 and α = (0,−49), then α is strongly 2-indivisible (and
so d = 0). The image G of ρE,2∞ is an index 4 subgroup of GL2(Z2) and corresponds
to the modular curve X2a of [16]. The curve E has no cyclic isogenies defined over Q
and so s = 0, while G contains 5I but does not contain mI for any m ≡ 3 (mod 4).
Thus, r = 2. One can explicitly compute that if β2 is a point so that 4β2 = α,
then β2 ∈ E(Q(E[8])) and this implies that the image of ωE,α,2∞ has index 64 in
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Z22 ⋊ GL2(Z2). We have that 64 = 2
2d+2r+s · |GL2(Z2) : G|, so the bound is sharp in
this case.
If E/Q is an elliptic with 2-adic image equal to X238a of [16], and α ∈ E(Q) which is
strongly 2-indivisible, the parameters from the main theorem are d = 0, r = 4, s = 1
and |GL2(Z2) : G| = 96. Thus, the bound given is 2
2·4+1 · 96 = 49152. As will be
explained later, in this case, the index of the image of ω inside Z22 ⋊GL2(Z2) can be
at most 3072 and in this instance the main theorem is not sharp.
Finally, for an elliptic curve E/Q with 2-adic image equal to X243g of [16] and strongly
2-indivisible α, the parameters in the main theorem are d = 0, r = 3, s = 4 and
|GL2(Z2) : G| = 96. Thus, the bound given is 2
2·3+4 · 96 = 98304. The authors are
not aware of any reason the index of the image of ω in Z22 ⋊GL2(Z2) cannot be this
large, but we have not found an example of curve and a point α for which this bound
is achieved.
The parameters r and s in the theorem above depend only on the structure of Tℓ(E)
as a Galois module, and hence only on G. We can strengthen the above result using
known results about the image of ρE,ℓ∞.
Theorem. If m is a fixed positive integer, then as E ranges over all non-CM elliptic
curves E/F , where [F : Q] = m, there are only finitely many possibilities for the
image of ρE,ℓ∞ in GL2(Zℓ).
A complete proof of this theorem can be found in [7] (see Theorem 2.3(a)), relying
on work of Serre [17], Abramovich [1], and Frey [8]. A more general statement is the
main theorem of [6].
The above result immediately yields the following corollary.
Corollary 2. Fix a positive integer m and a prime ℓ. Then there is a constant
C(m, ℓ) with the following property. For all number fields F with [F : Q] = m and
for all pairs of non-CM curves and points E/F and α ∈ E(F ) which are strongly
ℓ-indivisible, the image of ωE,α,ℓ∞ in Z
2
ℓ ⋊GL2(Zℓ) has index ≤ C(m, ℓ).
We prove Theorem 1 by showing that the fields F (βn) and Tn = F (E[ℓ
n]) are “approx-
imately disjoint”. The failure of disjointness of these fields is related to the exponent
of the cohomology group H1(Tm/F,E[ℓ
n]). The order of this cohomology group can
be shown to be uniformly bounded (as a function of m and n) in terms of the image
of ρE,ℓ∞.
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2. Proof of Theorem 1
Let G be a topological group and let M be a right topological G-module. De-
fine as usual the group H1(G,M) of continuous 1-cocycles ξ : G → M modulo
1-coboundaries. We will use the following Lemma of Sah (see [11], page 212, for a
proof).
Lemma 3. If α ∈ Z(G), then the endomorphism (α − 1) of H1(G,M) is the zero
map.
Let F be a number field, E/F an elliptic curve and α ∈ E(F ) be a non-torsion point.
Let d be the smallest positive integer so that α = ℓdγ + T for some γ ∈ E(F ) and
T an F -rational ℓ-power torsion point. Define a sequence of points β1, β2, . . . so that
ℓβ1 = α and ℓβn = βn−1. As in Section 1, define Tn = F (E[ℓ
n]), T∞ =
⋃
∞
n=1 Tn, Kn =
F (E[ℓn], βn) and K∞ =
⋃
∞
n=1Kn and fix an isomorphism Tℓ(E) → Z
2
ℓ . Let ωE,α,ℓ∞ :
Gal(K∞/F ) → Z
2
ℓ ⋊ GL2(Zℓ) be the arboreal Galois representation and κE,α,ℓ∞ :
Gal(K∞/T∞) → Tℓ(E) be the ℓ-adic Kummer map, the first coordinate of ωE,α,ℓ∞,
namely κ(σ) = (σ(β1)−β1, σ(β2)−β2, . . .) ∈ lim←−
i
E[ℓi] = Tℓ(E). In [3], Bertrand shows
that the image of κ has finite index in Tℓ(E) using similar cohomological arguments
to those of Ribet in [15].
Proof of Theorem 1. We fix G = im ρE,ℓ∞ ⊆ GL2(Zℓ) and let r and s be as defined in
the statement of Theorem 1. We show that if m > r+ d, then βm 6∈ E(T∞). Suppose
to the contrary that βm ∈ E(T∞) and define ξ : Gal(T∞/F ) → E[ℓ
m] by ξ(σ) =
σ(βm)−βm. This is a 1-cocycle and gives rise to an element ofH
1(T∞/F,E[ℓ
m]). If g =[
x 0
0 x
]
∈ G with ordℓ(x− 1) = r, then g− I kills every element of H
1(T∞/F,E[ℓ
m]).
This is the same as multiplication by x− 1. Since H1(T∞/F,E[ℓ
m]) is an ℓ-group, it
follows that ℓrξ is a 1-coboundary. Thus, there is some T ∈ E[ℓm] so that ℓrσ(βm)−
ℓrβm = σ(T ) − T for all σ ∈ Gal(T∞/F ). This implies that Q = ℓ
rβm − T ∈ E(F ),
which leads to a contradiction because α = ℓm−rQ + ℓm−rT , and α ∈ E(F ) and
Q ∈ E(F ) implies that ℓm−rT ∈ E(F ) is an ℓ-power torsion point.
It follows that there is some σ ∈ Gal(K∞/T∞) so that σ(βr+d+1) 6= βr+d+1. Consider
~v = κ(σ) ∈ Z2ℓ as a row vector. The reduction of ~v in (Z/ℓ
r+d+1Z)2 is nonzero and
therefore, the minimal ℓ-adic valuation of the coordinates is at most r + d. Write
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~v = ℓt~p, where ~p is a primitive vector (one where not both entries are ≡ 0 (mod ℓ))
and t ≤ r + d. Since the image of κ ⊆ Z2ℓ has a natural action of G = im ρE,ℓ∞ on
it, the image of κ contains ℓt~pg for all g ∈ G. Let S ⊆ Z2ℓ be the smallest subgroup
containing ~pg for all g ∈ G. Since G is open in GL2(Zℓ), there is a positive integer
k so that G contains all g ≡ I (mod ℓk). A straightforward calculation shows that
for any ~q ≡ ~p (mod ℓk) there exists some g ≡ I (mod ℓk) so that g~p = ~q. Let k′ ≥ k
be the smallest non-negative integer so that S contains all vectors ≡ ~0 (mod ℓk
′
) and
define S = {~v mod ℓk
′
: ~v ∈ S}. Identify S with a subgroup of E[ℓk
′
]. Note that
S must be cyclic (because it does not contain all vectors ≡ 0 (mod ℓk
′
−1) by the
minimality of k′), and it must also have order ℓk
′
since it contains a primitive vector
and is cyclic. Finally, S is stable under the action of Gal(T∞/F ). From Proposition
III.4.12 and Remark III.4.13.2 of [18] it follows that there is an F -rational cyclic
isogeny φ : E → E ′ for some elliptic curve E ′/F whose kernel is S. We have then
that
|Z2ℓ : S| = |(Z/ℓ
k′Z)2 : S| = |S| = ℓk
′
is less than or equal to the maximum degree of a cyclic ℓ-power isogeny φ : E → E ′
defined over F , namely ℓs. Since the image of κ contains ℓr+d · S, it follows that the
index of the image of κ is ≤ ℓ2d+2r+s and moreover that the image of κ contains all
~v ≡ 0 (mod ℓd+r+s).
Next, we show that the image of ωE,α,ℓ∞ has finite index in Z
2
ℓ⋊GL2(Zℓ). Let n be the
number of elements in the set {~y mod ℓd+r+s : (~y, g) ∈ im ω for some g ∈ GL2(Zℓ)},
and let ~y1, . . . , ~yn be elements in Z
2
ℓ that reduce mod ℓ
d+r+s to the elements of that set.
For any (~y, g) ∈ im ω, there is some ~yi so that ~y ≡ ~yi (mod ℓ
d+r+s). Consequently,
(~yi, g) = (~y, g) ∗ (~yi − ~y, I) is in the image of ωE,α,ℓ∞.
Let H = {g ∈ GL2(Zℓ) : (~0, g) ∈ im ω}. We will prove that H is a finite index
subgroup of GL2(Zℓ). Define m = max{k, d+ r + s} and let Γ(ℓ
m) = {g ∈ GL2(Zℓ) :
g ≡ I (mod ℓm)}. In particular, we will show that if g1 ≡ g2 (mod ℓ
m) and (~yi, g1)
and (~yi, g2) are both in the image of ω, then g1 and g2 are in the same left coset of
H ∩ Γ(ℓm). Letting ~x = −~yi(−g
−1
1 g2 + I) we have that ~x ≡ 0 (mod ℓ
m) and hence
(~x, I) ∈ im ω. Therefore
(~yi, g1)
−1∗(~yi, g2)∗(~x, I) = (~yi(−g
−1
1 g2+I), g
−1
1 g2)∗(−~yi(−g
−1
1 g2+I), I) = (~0, g
−1
1 g2) ∈ im ω
and thus g−11 g2 ∈ H∩Γ(ℓ
m). Since every g ∈ Γ(ℓm) has the property that (~yi, g) ∈ im ω
for some i, it follows that [Γ(ℓm) : H ∩ Γ(ℓm)] ≤ n and so [GL2(Zℓ) : H ] ≤ [GL2(Zℓ) :
H ∩ Γ(ℓm)] ≤ [GL2(Zℓ) : Γ(ℓ
m)][Γ(ℓm) : H ∩ Γ(ℓm)] ≤ n · |GL2(Z/ℓ
mZ)| is finite. It
follows that H is an open subgroup of GL2(Zℓ) and hence it contains a neighborhood
of the identity matrix. So there is some integer v ≥ m so that every g ≡ I (mod ℓv)
is contained in H . Finally, if ~x ≡ 0 (mod ℓv) and g ≡ I (mod ℓv) then (~x, I) and
(~0, g) are both in the image of ω and so the image of ω contains (~0, h)∗ (~x, I) = (~x, h)
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and hence all (~x, h) with ~x ≡ 0 (mod ℓv) and h ≡ I (mod ℓv). This implies that the
image of ω is the full preimage in Z2ℓ ⋊ GL2(Zℓ) of the image of ωE,α,ℓv . The map
κv : Gal(Kv/Tv)→ E[ℓ
v] given by κv(σ) = σ(βv)− βv has an image that contains the
mod ℓv reduction of the image of κ, and Gal(Tv/F ) has index |GL2(Zℓ) : G| inside
GL2(Z/ℓ
vZ). It follows from this that
|Z2ℓ ⋊GL2(Zℓ) : im ω| ≤ ℓ
2d+2r+s|GL2(Zℓ) : G|,
as desired. 
Regarding the example of elliptic curves with 2-adic image equal to X238a of [16], the
image of ρE,2∞ contains
[
17 0
0 17
]
but it does not contain any
[
x 0
0 x
]
with ord2(x −
1) < 4. The bound on the exponent of H1(T∞/F,E[2
m]) given by Sah’s lemma is
16. However, one can use Magma [5] to compute that H1(Gal(Q(E[28])/Q), E[8]) has
exponent 4 and use the inflation-restriction sequence to show that
H1(Gal(Q(E[2n])/Q), E[8]) ∼= H1(Gal(Q(E[28])/Q), E[8])
for n ≥ 8. Therefore the main theorem does not give a sharp bound (because Sah’s
lemma does not give an optimal bound).
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